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Let an be the sequence of real numbers defined by a0  3 and an1  1
2
an2  1 for

all nonnegative integers n. Prove that, for all positive integers n,
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where Ln denotes the n th Lucas number, L0  2,L1  1, and Ln  Ln1  Ln2

for integers n  2, and Fn denotes the nth Fibonacci number, F0  0,F1  1, and
Fn  Fn1  Fn2 for integers n  2.
Solution by Arkady Alt , San Jose ,California, USA.
First note that by Cauchy Inequality
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Now we should pay attention to Sn : 
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First terms of sequence an are a0  3,a1  5,a2  13,a3  85,a4  3613.
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We will prove (by Math Induction) that for any n  1 holds 1
2
 Sn  1

an1  1
.

Since an1  1  1
2
an2  1  1  an1  1  an2  1

2
,n    0 then, assuming

1
2
 Sn  1

an1  1
, we obtain 1

2
 Sn1  1

an1  1
 1

an1  1
 2

an1
2  1

 1
an2  1

.

Thus, Sn  1
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,n   and, therefore,
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